Abstract. Given a monic real polynomial with all its roots on the unit circle, we ask to what extent one can perturb its middle coefficient and still have a polynomial with all its roots on the unit circle. We show that the set of possible perturbations forms a closed interval of length at most 4, with 4 achieved only for polynomials of the form x 2n + cx n + 1 with c in [−2, 2]. The problem can also be formulated in terms of perturbing the constant coefficient of a polynomial having all its roots in [−1, 1]. If we restrict to integer coefficients, then the polynomials in question are products of cyclotomics. We show that in this case there are no perturbations of length 3 that do not arise from a perturbation of length 4. We also investigate the connection between slightly perturbed products of cyclotomic polynomials and polynomials with small Mahler measure. We describe an algorithm for searching for polynomials with small Mahler measure by perturbing the middle coefficients of products of cyclotomic polynomials. We show that the complexity of this algorithm is O(C √ d ), where d is the degree, and we report on the polynomials found by this algorithm through degree 64.
Introduction
In this paper we study the effect of slightly perturbing the middle coefficient of a polynomial having all its roots on the unit circle T = {z ∈ C : |z| = 1}. We first consider polynomials with real coefficients. Let f be a monic real polynomial with even degree 2N having all its roots in T, and let B(f ) = {β ∈ C : all zeros of f (x) − βx N occur in T}.
We show (Theorem 2.1) that B(f) is a closed real interval of length at most 4. Let f be a polynomial with complex coefficients and degree d,
The Mahler measure of f is
max{1, |α n |} = exp of Dobrowolski [5] . A polynomial f of degree d is reciprocal if f (x) = x d f(1/x). Smyth [15] proved that if an irreducible polynomial has Mahler measure greater than 1 and less than 1.3247 . . . (the real root of x 3 − x − 1), then f is a reciprocal polynomial. This fact, combined with the observation that the Mahler measure is multiplicative, allows us to restrict our attention to monic, irreducible, reciprocal polynomials of even degree when searching for polynomials with small Mahler measure.
Let Φ n (x) denote the nth cyclotomic polynomial
It is implicit in the proof of (1.1) by Rausch [13] and explicit in the work of Silverman [14] that if α is a root of a polynomial with small Mahler measure, then not only is α a unit but Φ m (α) should probably also be a unit for many small m (that is, α should behave very much like a root of unity). Now if α is a root of the perturbed cyclotomic product
where n≥1 e(n)ϕ(n) = 2N, then Φ m (α) is a unit for all m for which e(m) = 0 (observe that the resultant of the polynomial with Φ m (x) is ±1). Thus we might expect such polynomials to be good candidates for small Mahler measure. It is worth remarking that the examples We note that Lehmer's polynomial may be written
In §3 we observe that many of the known polynomials with small Mahler measure are in fact slightly perturbed products of cyclotomic polynomials. This suggests a method for searching for new polynomials with small measure. We describe an algorithm for constructing all polynomials of a given degree d that are products of cyclotomic polynomials, subject to certain restrictions on the multiplicity of the factors, then testing the Mahler measure of slight perturbations of these polynomials.
We show (Theorem 3.1) that the number of polynomials of degree d considered by this algorithm is O(C √ d ), and we describe the polynomials found by implementing the algorithm and searching through degree 64. Although many new polynomials with small Mahler measure are found, none is smaller than Lehmer's degree 10 example.
Finally, we consider products of cyclotomic polynomials whose roots remain on the unit circle when their middle coefficient is changed by an integer amount. We show (Theorem 4.1) that if f allows a shift of length 3, then in fact it allows a shift of length 4, and we characterize the polynomials that allow a shift this large. We also derive some restrictions on polynomials allowing a shift of length 2, and we describe the polynomials found by our algorithm that allow a shift of 1 or 2.
Polynomials with real coefficients
We prove the following theorem. In the proof, we first transform our polynomial f with all its roots on the unit circle into a polynomial p with all its roots in the interval [−1, 1]. Defining
we reduce Theorem 2.1 to the following statement. m , where m is the multiplicity with which f has a zero at 1, and that
Now if f (0) = −1 we must have a n = −a 2N−n , for 0 ≤ n ≤ N. In this case a N = 0 and thus B(f ) = {0}. Hence we shall assume f (0) = 1 and that f is reciprocal. We note that in this case the multiplicities with which f has zeros at 1 and −1 are consequently even. Writing z = exp(2πiθ), we have
where
is the nth Chebyshev polynomial. Thus
where p(z) is a monic polynomial of degree N with all its zeros in [−1, 1]. More precisely, if f (z) has a zero at −1 with multiplicity 2k, a zero at 1 with multiplicity 2l, and distinct zeros in the upper half plane at e 2πiα1 , e 2πiα2 , . . . , e 2πiαM , with multiplicities µ 1 , µ 2 , . . . , µ M , respectively, then p(z) has a zero at −1 with multiplicity k, a zero at 1 with multiplicity l and zeros at cos(2πα m ) with multiplicity µ m , for each m.
Thus In view of these lemmas we need only prove Theorem 2.2 under the additional assumptions that p has zeros of multiplicity at most 2 and that the zeros at −1 and 1 are of multiplicity 0 or 1.
It follows that p (z) has only simple zeros: if p has k distinct roots and N − k double roots then, by Rolle's Theorem, p has at least k − 1 distinct roots between the roots of p in addition to N − k roots at the double roots of p; hence each of these N − 1 must have multiplicity one. Moreover these roots all lie in (−1, 1). Now let −1 ≤ ξ 1 < ξ 2 < · · · < ξ M ≤ 1 be the distinct zeros of p, and let I 0 , . . . , I M denote the intervals 
Finally, we prove that the length of A(p) is at most 2 2−N . Let E ⊆ C be compact and for each integer L ≥ 1 define
.
is decreasing, and therefore
exists. Here ρ(E) is called the transfinite diameter of E. Among its most important properties are:
, E ⊆ C is compact, and
(iv) Let P n be the class of monic polynomials in C[z] with degree n. For a subset
These and other properties of ρ are considered in [6, pp. 264-274] .
With p(z) as before, let
so the length of A(p) is at most 2 2−N . Notice that we can only have length 2 2−N if we have equality in this last inequality and
We show that this implies that
We prove that ρ(E) < 1/2. Define S n to be the set of roots of the nth Chebyshev polynomial T n (z) that lie in the subinterval V = [a − δ, a + δ]. It is readily seen that |S n | > λn for some constant λ(V ) > 0 and all sufficiently large n.
Recalling that
we take
and observe that
In particular, writing
we have
and 2 1−N T N (z) is the only monic polynomial of degree N with such a small supremum norm on [−1, 1].
Perturbed cyclotomics with small Mahler measure
Many of the known polynomials with small Mahler measure are slightly perturbed products of cyclotomic polynomials. Examining the list of 437 polynomials with Mahler measure less than 1.3 and degree at most 32 compiled by Boyd [2] , we find that 222 may be written in the form
where all but finitely many of the e(n) are 0. All but 9 of these polynomials have e(n) ≤ 2 for all n: seven of the exceptional polynomials have e(2) = 4, the other two have a quadratic cyclotomic with multiplicity 3.
The Mahler measure of a polynomial in two variables is defined by
Boyd [3] shows that the Mahler measure of a polynomial in two variables is the limit of measures of associated polynomials in one variable:
The one-variable polynomials associated with the three small two-variable measures
(substituting y = ±x m and z = ±x n ) are also slightly perturbed products of cyclotomic polynomials.
These facts suggest searching for polynomials with small Mahler measure by forming all polynomials of the form (3.1) of a given degree 2N , with e(1) ≤ 4, e(2) ≤ 4, and e(n) ≤ 2 for n > 2. Since we may restrict to reciprocal polynomials with even degree, we further require e(1) and e(2) to be even.
3.1. Description of the Algorithm. We are given an even integer d = 2N. Define
and for 2 ≤ n ≤ N , let
For each n, we construct the sets T m,n for 1 ≤ m ≤ 2 |S n |:
So for n ≥ 2, T m,n is the collection of products of m irreducible cyclotomic polynomials, each of which has degree 2n, where no factor appears more than twice. The sets T m,1 are similar, but the linear cyclotomic factors may appear with multiplicity 0, 2, or 4. The sets T m,n are used repeatedly by the algorithm and are constructed during initialization. For larger degrees, we further restrict e(1) and e(2) to be at most 2. This requires removing from the T m,1 those polynomials having e(1) = 4 or e(2) = 4. 
where f n (x) ∈ T mn,n , and for each of these polynomials, we test the Mahler measure of
We also consider adjustments to the coefficients next to the middle one, forming
Nontrivial upper bounds on the Mahler measure of such perturbed products of cyclotomic polynomials can be deduced directly from the work of Amoroso [1] .
As in [2] , we use the Graeffe root-squaring algorithm to detect most of the polynomials with large Mahler measure quickly. Given a monic polynomial g, let g m denote the monic polynomial whose roots are the 2 m th powers of the roots of g. Let a m (x) and b m (x) be polynomials satisfying
Then we compute g m+1 using
. If g is a monic polynomial of degree d, g(0) = 1, and M (g) ≤ M for a given number M , then we see from [2] that
where a n,m is the coefficient of x n in g m (x). Also, if in addition g is reciprocal, a 1,m ≥ d − 4, and m ≥ 1, then
In [2] , it is required that the g m have no negative real roots in order to assert (3.10), but the proof only requires that any negative real roots appear with multiplicity greater than 1. This is guaranteed by having m ≥ 1. We remark that the Graeffe algorithm also allows us to detect cyclotomic polynomials quickly, since g m+1 = g m for sufficiently large m in this case.
For each perturbed cyclotomic product g constructed, we compute up to 10 of the g m . If the coefficients of g m fail to satisfy (3.9) or (3.10) with M = 1.3, we exclude g from further consideration. If g survives the 10 iterations of root-squaring, we remove any cyclotomic factors from g, then compute its measure if this polynomial has not been found previously. Bairstow's method [16] is first used to estimate the roots of g using machine-precision arithmetic. If the resulting estimate of the measure of g is sufficiently small, we use PARI or Maple to compute M (g) to greater accuracy.
Additional details on the implementation of this algorithm may be found in [9] 
Substituting d = 2n yields an asymptotic estimate for the number of polynomials of degree d constructed by the algorithm:
The Graeffe algorithm has complexity Θ(d 2 ) (that is, both O(d 2 ) and Ω(d 2 )), and the remaining parts of the algorithm have complexity that is polynomial in d, so Theorem 3.1 follows from Theorem 3.2.
Let c(n) denote the number of polynomials of degree n that are products of cyclotomic polynomials, and let P (z) be the generating function for these numbers,
taking c(0) = 1. Boyd and Montgomery [4] show that as z tends to 0 in
where C is a fixed positive constant, then
where a = (2πe (6) , and γ is Euler's constant. They use this to derive an asymptotic formula for c(n), finding
as n → ∞, where
Let r(n) denote the number of reciprocal polynomials of degree 2n that are products of cyclotomic polynomials, and define
taking r(0) = r 2 (0) = 1.
Lemma 3.3. As z approaches 0 in R,
where a = (2πe
Proof. In product form,
Similarly,
Thus R(z) = 1 + exp(−z/2) −2 P (z/2), and (3.13) follows from (3.12).
Now

R(z) R(3z)
so (3.14) follows.
Lemma 3.4. r 2 (n) is increasing.
Proof. We have
where the last step follows from the identity
is a generating function for a sequence of positive integers.
Proof of Theorem 3.2.
We appeal to Ingham's Tauberian Theorem [12] : suppose f (z) = (3.15) where α = β/(β + 1).
Let
Since r 2 (n) is increasing and
as z → 0 in R, we apply Ingham's Theorem with β = 1, M = 4b/3, m = −1/2, and C = 16b/27 √ 3. We conclude that
Substituting for C and M and using ζ(2) = π 2 /6 and ζ(6) = π 6 /945 yields (3.11).
Let s 2 (n) be the number of reciprocal polynomials of degree 2n that are products of cyclotomic polynomials, where no cyclotomic factor appears with multiplicity greater than 2, except possibly the linear cyclotomics, which may have multiplicity as great as 4. We may analyze s 2 (n) in the same way (its generating function is R(z)/R(3z)), to find that
Comparison with an Exact Formula. In view of the slowly decaying error term in (3.12), we might expect r 2 and s 2 to approach their asymptotic values rather slowly. An exact formula for s 2 (n) is
where the sum is over all partitions m = (m 1 , . . . , m n ) of n. Now |T m,k | is the number of ways to select m objects from a collection of |S k | objects, where each object may be selected at most twice. Thus |T m,k | is the coefficient of
Using these facts, we compute s 2 (1500):
2385753783987905281502413981937925622349509368675889581151794867226.
The asymptotic estimate from (3.16) is 2.771 · 10 66 , about 16.2% larger than the actual value. When n = 2000, our estimate is about 15.1% larger than the exact number.
3.3.
Results of the Search. We have implemented this algorithm in C++ and run it on Sun SPARC and Intel Pentium computers. For degree d ≤ 50, we allow the linear cyclotomics to have multiplicity 4; for d > 50 all multiplicities are at most 2. The perturbations (3.6), (3.7), and (3.8) are checked through d = 56, and the middle coefficient adjustment (3.5) is checked through d = 64. Our program tested about 700 million polynomials and required approximately 10 weeks of CPU time. We summarize our results.
Our program finds 384 of the 437 polynomials in Boyd's list with Mahler measure less than 1.3 and degree at most 32, about 88%. We find 1380 polynomials with measure less than 1.3 through degree 64, about 81% of the 1714 such polynomials now known [10] . Lehmer's polynomial (or this polynomial in x k ) is detected 241 times using this algorithm.
We find 177 polynomials with measure less than 1.3 that do not appear in previous lists and do not seem to be associated with any of the limit points (3.2), (3.3) , or (3.4) of Mahler measures. Only 11 of these have degree 30 or 32, and none have degree less than 30. This supports Boyd's heuristic of restricting to polynomials with height 1 in searches of higher degrees [2] . Among these 177 polynomials, the one with the smallest measure is
Its measure is 1.236083 . . . , the 47th smallest Mahler measure greater than 1 known, and the smallest known among primitive, irreducible, noncyclotomic polynomials of degree 32. (We say a polynomial is primitive if it cannot be written as f (x k ) for some k > 1.) We also note a new record polynomial of degree 34. Its measure is 1.220287 . . . , the 16th smallest known, but it is associated with the smallest known limit point of Mahler measures.
We find that each of the coefficient adjustments considered is very successful in creating polynomials with small Mahler measure. Through degree 56, the middle coefficient shift (3.5) finds 1037 primitive, irreducible polynomials with measure greater than 1 and less than 1.3. The perturbation (3.6) detects 990 polynomials, and the adjustments (3.7) and (3.8) together find 1031 polynomials.
A Salem number is a real algebraic integer greater than 1, all of whose conjugates lie inside or on the unit circle, with at least one conjugate on the unit circle. The smallest known Salem number is 1.1762808 . . . , the real root larger than one of Lehmer's polynomial. Our algorithm finds no new Salem numbers, and detects only 23 of the 43 previously known Salem numbers less than 1.3.
A complete list of the known primitive, irreducible, noncyclotomic polynomials with measure less than 1.3 and degree at most 64 may be found at the first author's World Wide Web site, accessible from the Number Theory Web.
Shifted cyclotomics that remain cyclotomic
Suppose F (x) and G(x) are products of cyclotomic polynomials,
with even degree 2N ,
and
for some positive integer l. Then l ≤ 4 by Theorem 2.1. We show that the polynomials allowing l = 3 belong to the same family as those allowing l = 4. 
Although we need only consider the case l = 3, we prove the theorem without this assumption, as the extra work required is minimal and it seems of some interest that the result follows from purely arithmetic considerations.
We require a result of E. T. Lehmer [8] on the resultant of two cyclotomic polynomials.
Lemma 4.2. Suppose n > m. Then
Proof of Theorem 4.1. By Lemma 2.3, we may assume the exponents in (4.1) satisfy
Suppose that p is a prime with p
l for some α(p) ≥ 1, and that n and r are integers such that (p, n) = 1, e(np r ) = 0, and e(np j ) = f(np j ) = 0 for all j > r (reversing the roles of e and f if necessary). Taking resultants, we have
and comparing powers of p,
Thus r ≥ 1 and f(np j ) = 0 for some j with 0 ≤ j < r. Now f(np j ) ≤ 2, so
Thus p = 3 and α(3) = 1, or p = 2 and α(2) = 1 or 2, and so l = 1, 2, 3, 4, 6, or 12. Moreover, if p = 3 or p = 2 and α(2) = 2 we have equality in (4.4), and hence
Since f (np j ) = 0 for some j, we find similarly that
and so
e(np i )ϕ(np min{i,j} ). 
N for some polynomials u(x) and v(x) of degree N , and so
Since F (x) and G(x) are products of cyclotomic polynomials, we must have i = 1 and j = 0 or N, and
If l = 3, we define the sets
By (4.5) and (4.7) we may write
Observing the identities
for (n, p) = 1, and setting
we obtain (4.8) and by replacing u(x) and v(x) with −u(x) and −v(x) if necessary, we may assume u(0) = v(0) = 1. Let k be the smallest integer such that the coefficient of x k in u(x) and v(x) differs, and write
where p(x) has degree at most k − 1. Substituting into (4. We derive some restrictions on products of cyclotomic polynomials whose roots remain on the unit circle when their middle coefficient is shifted by 2, and we describe the polynomials found by our algorithm that remain products of cyclotomic polynomials when their middle coefficient is shifted by 1 or 2. Suppose l = 2, and choose n and r so that n is odd, e(n2 r ) = 0, and e(n2 j ) = f(n2 j ) = 0 for j > r. We have seen that e(n2 r ) = 1, e(n2 j ) = 0 for j < r, and (4. 
